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ON THE ALGEBRAICITY OF PUISEUX SERIES. 


MICHEL HICKEL AND MICKAEL MATUSINSKI 


Abstract. We deal with the algebraicity of a Puiseux series in terms of the properties of 
its coefficients. We show that the algebraicity of a Puiseux series for given bounded degree 
is determined by a finite number of explicit polynomial formulae. Conversely, given a 
vanishing polynomial, there is a closed-form formula for the coefficients of the series in 
terms of the coefficients of the polynomial and of an initial part of the series. 


1. Introduction. 

Let be a zero characteristic field and K its algebraic closure. We consider /r[[x]], 
the domain of formal power series with coefficients in K, and its fraction field K{{x)). We 

oo 

denote by K{{x)) := the field of formal Puiseux series (with coefficients in K). 

n~l 

By the Newton-Puiseux theorem (see e.g. IIWal781 Theorem 3.1] and IIRvdD841 Proposition 
p.314 ]), an algebraic closure of K((x)) is given by Vk T((-^)) where L ranges over 

L 

the finite extensions of K in K. In particular, if K - K, then Pk - Ki(x)). Among Puiseux 
series, we are interested in algebraic ones, say the Puiseux series which verify a polyno¬ 
mial equation with coefficients that are themselves polynomials in x: P{x,y) e /f[x][y]. 

Among the numerous works concerning algebraic Puiseux series llvdP93llFS09IIBDr3]l . 
we deal with the following questions: 

• Reconstruction of a vanishing polynomial for a given algebraic Puiseux series. Gener- 
ically, a vanishing polynomial of a given algebraic power series can be computed as a 
Pade-Hermite approximant IIBCG'^141 Chap. 7]. In fact, the algebraicity of a Puiseux se¬ 
ries can be encoded by the vanishing of certain determinants derived from the coefficients 
of the series. We extend this approach by showing how to reconstruct the coefficients of 
a vanishing polynomial by means of some minors of these determinants (see Section [3]). 
More precisely, we show that, for a given bounded degree, there are finitely many universal 
polynomials allowing to check the algebraicity of a series and to perform this reconstruc¬ 
tion (see Theorem l3.5l) . 

• Description of the coefficients of an algebraic Puiseux series in terms of the coef¬ 
ficients of a vanishing polynomial. An approach consists in considering that the series 
coefficients verify a linear recurrence relation, which allows an asymptotic computation of 
the coefficients. This property follows classically from the fact that an algebraic Puiseux 
series is dijferentiably finite (D-finite), that is, it satisfies a linear differential equation with 
coefficients in K[x] 0Com64l IS^ [Sta99l [SlriSOl ICC86I ICC871 IBCS+07II . 
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Another approach consists in determining a closed-form expression in terms of the co¬ 
efficients of a vanishing polynomial. In this direction, P. Flajolet and M. Soria (see the 
habilitation thesis of M. Soria (1990) and IlFSI ) proposed a formula in the case of a series 
satisfying a reduced Henselian equation (see the Definition l2.2l for this terminology) with 
complex coefficients. This formula extends to coefficients in an arbitrary zero characteristic 
field K via a work of Henrici IHen64l . 

Here we complete this approach to the case of a Puiseux series which satisfies a general 
polynomial equation P{x, y) - 0, by showing that the coefficients of such series can be 
computed applying the Flajolet-Soria formula to a polynomial naturally derived from P 
(see SectionlUi. 

Acknowledgement. The authors would like to thank kindly G. Rond for his observation 
that allowed us to simplify the proof of the Theorem 13.51 We are also indebted to K. 
Kurdyka and O. Le Gal for valuable discussions. 

2. Preliminaries 

Let us denote N := Z>o and N* := N \ (0) = Z>o. For any set £, we will write 

n 

|£| ;= Card(6). For any vector of natural numbers K - {k\, ..., we set K\ ]~~j 

1=1 

n n 

|A| := ^ ki and ||A|| ^ i k,. The floor function will be written \_q\ for q &Q. 

!=1 1=1 

Let yo = 6 K((x)), 4 0, a Puiseux series. We denote 

n>nQ 

yo = ^ CnX”/” = with Cj 4 0. 

n>\ 

The series yo is a root of a polynomial P(x, y) = ^ Oijx'y^ of degree dy in y if and only 

Uj 

if the series yo = is a root of x“P(x'’, x""“'y), the latter being a polynomial for 

n>l 

m - max{0; (1 - no)^fv}• The existence of a polynomial P cancelling yo is equivalent to the 
one of a polynomial P{x, y) - ^ aijx'y^ cancelling yo, such that, for (;, j) belonging to the 

ij 

support of P, one has i = (iiq - l)j {p\ if no - 1 ^ 0, and f s (1 - no){dy - j) {p\ otherwise. 
Thus the algebraicity of yo is equivalent to that of yo but with constraints. This leads us to 
the following definition: 

Definition 2.1. Let “F and 0 be two strictly increasing finite sequences of couples (/, j) e 
ordered anti-lexicographically: 

(hji) < (kji) <=> ji < h or O'l = h et ii < h)- 

We suppose additionally that T > (0,1) > ^ > (0,0) (thus the elements of Q are couples 
of the form (1,0), i 6 N*, and those of T are of the form {i,j), j > 1). We say that a 
series Jo = ^ c„x" 6 A((x)), c\ + 0, is algebraic relatively to (F, 0) if there exists a 

n>\ 

polynomial P(x, y) - ^ Oijx'y^ e K[x, y] such that P(x, yo) = 0. 

{ij)erug 
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Flajolet and Soria (see the habilitation thesis of M. Soria (1990) and IFSI ) gave a closed- 
form expression to compute the coefficients of a formal solution of a reduced Henselian 
equation in the following sense: 


Definition 2.2. We call reduced Henselian equation any equation of the following type: 

y = Q{x,y) with Q{x,y) e K{x,y], 

such that Q(0, 0) = -^(0, 0) = 0 and Q(x, 0) ^ 0. 
dy 

Theorem 2.3 (Flajolet-Soria formula). Lety - Q(x,y) - a^jx'y^ be a reduced Henselian 

ij 

equation. Then the coefficients of the unique solution ^ are given by: 


2n—\ .. 

"" z« z 


n>l 

m\ 




where k — (kj A,- 


n k- 'll 

m=l \k\=m, ||^||i=n, \\k\\2=m-l ^ '’t ‘ j j 

ll^lli = Y^ikijand Wkh = ^jkij. 








Remark 2.4, Let us consider the particular case where the coefficients of Q verify aoj = 0 
for all j. So, for any k such that |^| = m and ]~~j a^.'j ^ 0, we have that ||^||i > m. Thus, to 

ij 

have ll^lli = n, one needs to have m < n. The Flajolet-Soria formula can be written: 


Z,„ Z 


m 

m=\ |^|=W7, I 




n, ;ki ,! f 

=m-\ ^ i. 




3. Characterizing the algebraicity of a formal power series 
Here we resume the results from IIWill9ll . Suppose we are given a series yo = L c„x" 6 

n>\ 

K{{x)) with Cl 3 ^ 0. For any j e N, consider the multinomial expansion of y^, that we 
denote: 

«>1 

Of course, one has that c'f^ - 0 for n < j and cj^ - c\ + 0. For j - 0, let = 1. We 

remark that for any n and any j, cj/* is a homogeneous polynomial with natural number 
coefficients of degree j in the c,„ for m < n - j + 1. 

Definition 3.1. (1) Given a couple (/, j) eNx N, we call Wilczynski vector Vij the 

infinite vector with components: 

- if y > 1, a sequence of i zeros followed by the coefficients of the multinomial 
expansion y^: 

- otherwise, 1 in the /th position and 0 for the other coefficients 


y ;,0 := ( 0 ,..., 1 , 0 , 0 ,..., 0 ,...). 
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(2) Let T and Q be two sequences as in the Definition 12. II We associate to T and Q 
the (infinite) Wilczynski matrix whose columns are the corresponding vectors 

y^.j- 

Mr,g := iVij\ij)erug ■ 

We define also the reduced Wilczynski matrix, it is the matrix obtained 

from M-jr g by removing the columns indexed in and also removing the corre¬ 
sponding rows (suppress the /th row for any (/, 0) 6 0). This amounts exactly to 
remove the rows containing the coefficient 1 for some Wilczynski vector indexed 
in g. 


Lemma 3.2 (Wilczynski). The series yo is algebraic relatively to ,Q) if and only if all 
the minors of order YT U of the Wilczynski matrix Mjr g vanish, or also if and only if all 
the minors of order YF\ of the reduced Wilczynski matrix M!^‘^g vanish. 


Proof. Given a non trivial polynomial P{x, y) 


(i,j)eriig 


aijx'yf we compute: 


P{x,yo) 


aijx’ + Yj 

(i,j)eT Vn>l / ((,0)eg 

Mr,g ■ (aij)(ij)£rug ■ 


where the components of the infinite vector thus obtained are the coefficients of the expan¬ 
sion of P(x, yo) with respect to the powers of x in increasing order. The series yo is a root 
of P if and only if this infinite vector is the zero vector, which means that the rank of Mjr g 
is less than YF U Q\, the number of columns of M<f g. The latter condition is characterized 
as in finite dimension by the vanishing of all the minors of maximal order. 

Let us now remark that, in the infinite vector M<jr g ■ (aij\ij)£'^£ig, if we remove the com¬ 
ponents of number i for (/, 0) e then we get exactly the infinite vector • (a, j)(,j)ey-. 
The vanishing of the latter means precisely that the rank of is less than |;F|. Conver- 
saly, if the columns of are dependent for certain F and we denote by iaij)(ij)ef- a 
corresponding sequence of coefficients of a non trivial vanishing linear combination of the 
column vectors. Then it suffices to note that the remaining coefficients a^fl for (k, 0) e ^ 
are each uniquely determined as follows: 

(1) ak,o^- Y 

(i,j)er,i<k 


□ 


We deal with the implicitization problem for algebraic power series: for fixed bounded 
degrees in x and y, given the expression of an algebraic series, can we reconstruct a van¬ 
ishing polynomial ? if yes, how ? 

Definition 3.3. Let us consider a reduced Wilczynski matrix associated to two se¬ 
quences F and of couples (;, j) as in 12. II We call Wilczynski polynomial any polyno¬ 
mial in the coefficients c„ of yo obtained as a minor of We denote such Wilczynski 

polynomial by Qkj, where / := ((/i, y'l),..., (ii, ji)) is a subsequence of F indicating the I 
columns of and k := (k\,k 2 , ■■■ ,ki) a strictly increasing sequence of natural num¬ 
bers indicating the I rows of used to form the minor of One has that I e N*, 

/ < |;F|, I being the order of that minor, that we will also call the order of the Wilczynski 
polynomial Qk /. Note also that a Wilczynski polynomial Qki is homogeneous of degree 




ON THE ALGEBRAICITY OF PUISEUX SERIES. 


5 


equal to ^ j (indeed, the coefficients of verify: = 0 ^ k < j). By 

convention, we call Wilczynski polynomial of order 0 any non zero constant polynomial. 

Bv l3.2l the algebraicity of yo for certain ^ and is equivalent to the vanishing of all 
the Qi; f- of order I - \T\, for the specific values of the given c„, coefficients of yo- 


Example 3.4. Let yo = ^ c„.r” e K{{xy) be a series with c\ + 0. We consider the 

n>\ 

conditions for yo to be a root of a polynomial of type: 

P(x,y) - a 2 ,ox^ + a 2 ,ix^y + (ao ,2 + a 2 , 2 X^)y^. 


Thus, 'F = ((2,1), (0,2), (2,2)) and Q - {(2,0)). The corresponding Wilczynski matrix is: 


M := 


0 

0 

0 

0 

1 

0 

c^ 

1 

0 

0 

Cl 

2• oi • 02 

0 

0 

C2 

O2 + 2 oi 03 

c2 

0 

C3 

2 oi 04 + 2 02 03 

2■ 01 • 02 

0 

C4 

2 02 04 + O3 + 2 oi 05 

O2 + 2 oi 03 


and the reduced matrix is: 

10 0 0 


Cl 

2 • 01 • 02 

0 

C2 

o| + 2 oi 03 

Cl 

C3 

2 oi 04 + 2 02 03 

2■ Oi ■ 02 

04 

2 02 04 + O3 + 2 oi 05 

O2 + 2 oi 03 


We give the four first non trivial Wilczynski polynomials of maximal order 3 , equals to 
minors 3 x 3 of So one has that / = !F as index for Qkj : 

Qk,r -2ci^(c2^-2c3CiC 2+ci^C4) pour k = ( 2 , 3 , 4 ), 

Qk,r-C]{c2'^ - 3 ci^C 2 ^ +2ci^C5) pour k = ( 2 , 3 , 5 ), 

Qk.r ■- -2ci^ (-C4C2^ - 2C1C4C3 + C2C3^ + 2C1C2C5) pour k = ( 2 , 4 , 5 ), 

Qk^f- 8 C2Ci^C4C3 + C2^C3 - 2 c 2 ^C 3 ^Ci - 4 ci^C 2 ^C 5 - 3 Ci^C3^ + 2 C3Ci^C5 - 2 Ci^C4^ 
pour k = ( 3 , 4 , 5 ). 

The series yo is a root of a polynomial P{x, y) as above if and only if all the Wilczynski 
polynomials of order 3 vanish. This implies in particular that: 

C 2 (c 2 ^- 2 ciC 3 ) 02^-3 01^03^ 

04 =-3- and 05 =-3-■ 

cL 2oi^ 

Theorem 3.5. Let F and Q be two finite sequences of couples as in O We set dy 
max{y, {i, j) e F}, dx max{i, (i,j) e (F U and N 2dxdy. Then there exists a finite 
number of homogeneous polynomials a^^j 6 Z[xi, ..., xn\ (i, j) € F ^ 2. e A, of total 

degree degafj < jdy(dy+l)(dx+l)-lfor(i, j) eF, anddegaf^ < ^dy{dy+\){dx+l)-1+i 
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for (/,0) 6 such that, for any yo = e with ci ^ 0 series algebraic 

n>\ 

relatively to fT, Q), there is X & A. such that the polynomial: 

P‘'‘fx,y)^ ^ aj^^(ci,...,c^)x'y' + ^ a^.^^(ci,... ,Cf^)x' e K[x,y] 

(ij)cr meg 

vanishes at yo- 

First, we give the reconstruction process. Then we will show its finiteness. 

Proof. Let yo = ^ c„x" e f^[[x]] with ci 0 be algebraic relatively to ('T, Q). We show 
«>1 

how to reconstruct a vanishing polynomial P(x,y) of yo. 

Let Q{x,y) = z M.v't li biflx' be a polynomial that vanishes at yo. We proceed 

(i,j)er (tms 

by induction on m the number of non zero coefficients bij for (/, j) e'FAf m - Q{x,y) 
is of the form: 

2(x,y) = feyxy+ ^ bifix‘, 
meg 

with bij + 0. So we must have that bn,Q - 0 for n < i + j, and the series yo verifies: 

(n,0)e^ n>i 

The criterion 13.21 means here that the order 1 minors of being equal to c^Jl- for 

(n, 0) i Q, are all null. We fix the coefficient arbitrarily in Z \ (0): it is a constant 
Wilczynski polynomial. Then the other coefficients are uniquely determined in accordance 
with the relation ([1]) by the equation: 

a«,o {n,Q)eg. 

Thus the coefficient a„,o is a polynomial of degree j in the Ck, k < n - i - j + \, which 
verifies indeed that j < dy < + 1) ^ jdy(dy + l)(dx + 1) - 1 + n. 

Consider now the case where the vanishing polynomial Q(x, y) of yo has m > 2 non zero 
terms. So there exists a subfamily f' c f, the indices of the non zero coefficients of 
Q{x,y), with \T'\ - m and such that the order m minors of all vanish. Suppose 

that there exists an order m - \ minor of this matrix, i.e. a Wilczynski polynomial 
which is non zero. Denote by the square matrix whose determinant is this minor, 

and the po-th column that has been removed to form this minor. We get a Cramer 

system of equations: 

Let us build the coefficients atj verifying: 

^ko’Lo ’ ~ ~^ia,k^koXiaJa)-’ 

by taking := and by computing the other ajj by Cramer’s rule. Thus the 

aij are all order m - 1 minors of and so, up to the sign, Wilczynski polynomials 

Q^j of order m - 1. If ^ = (ko.i,..., ko,,„-i), we set: 

blyQ •— ko,m-l - 


( 2 ) 
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The aij are homogeneous polynomials of Z[xi,... The degree of a Wilczynski 

polynomial Qi^j verifies: 


The coefficients o 


deg = 

< 






dy 

< -\+{d,+ l)^j 

>=1 

= l)(t/.,+ 1)- 1. 

for (n, 0) e ^ are obtained via the relations Q; 


a„.o = - Yj 

(i,i)er.n>i 


Knowing that ^ 0 ^ n - i > j, and in this case degc^/^,- = j, we deduce that 

dega„_o < n + max(,j)e;p(degfl,_j) as desired. The polynomial P(x,y) - ^ ciijx'y^ 

(i,j)er’ug 


is proportional to Q, so it vanishes at yo- 

Suppose now that all the minors of order m - 1 are zero. So, restricting to a subfamily 
<jrrr (2 of m - I vcctors among the m Wilczynski vectors Vij, (i, j) 6 p'', with the same 
family Q, one has a new reduced Wilczynski matrix, with m - 1 columns, all of which 
minors of order m-l are null. So yo is algebraic relatively to (!F", 0). By induction on m, 
one has reconstructed a polynomial P{x,y) vanishing at yo. 


To obtain the Theorem 13.51 it suffices now to show that there exists a uniform bound 
Nd„dy for the depth in to which we get the reconstruction process, that is, the depth 
at which we find a first non zero minor. We reach this in the two following lemmas. 

Lemma 3.6. Let dx, dy e N*. For any series yo = ^ c„x" e K[[x]] with ci + 0, verifying 

n>\ 

an equation P(x,yo) — 0 where P(x,y) e K[x,y\ deg^P < dx, deg,, P < dy, and for any 
polynomial Q(x,y) e K[x,y], deg, Q < dx, deg^ Q < dy, such that Q(x,yo) + 0, one has 
that ordxQ(x,yQ) < 2dxdy. 

Proof . Let yo be a series as in the statement of Lemma [T6] We consider the ideal Iq 
{P(x,y) G K{x,y'\ \ R(x,yo) - 0). By assumption, it is a non trivial prime ideal, so its height 
is one or two. If it were equal to 2, then it would be a maximal ideal. But Iq is included 
into the ideal {P(x,y) e K[x,y] \ R(0, 0) = 0}, so: 

Iq = {R(x,y) 6 K[x,y] \ P(0,0) = 0} = (x,y) 

which is absurd because x i Iq- So, Iq is a height one prime ideal of the factorial ring 
K{x,y'\. It is generated by an irreducible polynomial Po(x,y) e K{x,y'\. We set (io,.c := 
deg, Po and do^y deg,, Pq. Note also that, by factoriality of K{x,y}, Pq is also irreducible 
as an element of K(x)[y]. 

Let P be as in the statement of Lemma [T6l One has that P - SPq for some S G K{x,y'\. 
Hence lio.A < dx and ^fo,v ^ dy. Let Q G K[x,y] such that 2(x,yo) 0 with deg, Q < dx, 

deg,, Q < dy. So Pq and Q are coprime in K(x)[y]. Their resultant r(x) is non zero. One 
has the following Bezout relation in K[x][y]: 

A(x,y)Po(x,y) + P(x,y)2(x,y) = r(x). 


8 


MICHEL HICKEL AND MICKAEL MATUSINSKI 


We evaluate at y = yo: 

0 + B(x,yo)2(-*,yo) = r(x). 

So ordj:2(x,yo) ^ deg^. r{x). But, the resultant is a determinant of order at most dy + < 

2dy whose entries are polynomials in K{x} of degree at most max{t/^, c/o,.v! ^ d^. So, 
deg^ r{x) < 2 dxdy. Hence, one has that: oidxQ(x, yo) < 2 dxdy. □ 

Lemma 3.7. Let ‘T’ c If is not algebraic relatively to ifT' ,Q), we denote I 
\'F'\ and p min \ki \ Qk,T' ^ 0, k — {ky, ..., A:;)|. Then, for any polynomial Q(x,y) — 
bijfyK we have: 

{i,j)£r’u0 

ord^2(x,yo) <P< 2 dxdy, 

and the value p is reached for a certain polynomial Qq. 


Proof. By the definition of p, for any ^ = (ky,.. .,ki) with ky < p, we have that Qk,<r' - 0- 
This means that the rank of the column vectors V/j-.p-i that are the restrictions of those of 
up to the line p - 1, is less than I = |!F'|. There are coefficients not all 

zero such that aijVij^p-y - (0), which is equivalent to the vanishing of the p - 1 

first terms of QQ{x,yyf) aijx‘(yoy. Thus, ordj:go(-*,yo) ^ P. and so p < 2 dxdy. 

(ij)eF'og 

On the other hand, again by the definition of p, the column vectors up to the line p are, in 
turn, of rank / = \'F'\. Any non trivial linear combination is non null, so ord^Q(x,yo) ^ P 
for all 2(x,y) := bijx'yf □ 

(ijyeT'og 

We achieve the proof of Theorem [33] via the Lemmas |3. 61 and [STTl by considering for 
a given algebraic series yo a family f'" c f minimal among the families such that yo is 
algebraic relatively to {T" ,0). Hence, the natural number Ny^ of (|2]l is always bounded by 
N - 2 dxdy. □ 


Construction of the coefficients a'^^ for a given yo. 

Let yo be algebraic relatively to (!F, Q) as in 12.11 Let N - 2 dxdy as in 13.51 We denote 
by Mn the matrix consisting in the N first lines of M^^g- Let r be the rank of M, and 
m := r + 1. The minors of M of order m are all zero and there exists a minor of order 
m - I - r which is non zero. There are two cases. If r = 0, we choose (i, j) e 7^ and we 
fix the coefficients ayj := 1 and = 0 pour (/, m) 6 f, {I, m) + (i, J).Then we derive the 
coefficients ayg for (/, 0) e ^ from the relations (HJ. The polynomials P thus obtained are 
all annihilators of yo. 

If r > 1, we consider all the Wilczynski polynomials Qkj of order r that do not vanish when 


evaluated at ci,..., cjy. Each of them allows to reconstruct coefficients a^^j, (i, j) e “F, and 
subsequently coefficients ayfi, (i, 0) e 0, via ([T]i. The corresponding polynomials are 


annihilators of yo if and only if ord^^F^'*^ 


r, 


k=l 


>N. 


Example 3.8. We resume the Example 13.41 and note that, for k = (2,3) and for / = 
((2,1), (2,2)), we have that: 


Qkj - 
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So we set ao ,2 := = Cj and, applying the Cramer’s rule : 


fl2,i (- 1 )' 

02,2 (- 1 )^ 


2 ■ Cl ■ C2 0 

C2 + 2 Cl C3 Cj 

Cl 2 • Cl ■ C2 
C2 Cj + 2 Cl C3 


= -2c^C2 
= Cl (c^ -2C1C3) 


We deduce from the formulas ([T]) that: 

02,0 = ~02,1 ■ 0 - ao,2 ■ C[ - 02,2'0 = -Cj. 

A vanishing polynomial of a series yo - ^ c„x" e K((x)), ci 0, algebraic relatively to 

n>\ 

T = ((2,1), (0,2), (2,2)) and g = (2,0) is: 

P(x,y) = -CjV^ - 2 cjC 2 + Cj + Cl (cj - 2ciC3)xy 

= Cl [-CjV^ - 2 cjC2 x^y + Cj y^ + (c^ - 2ciC3)xyj. 

Remark 3.9. (1) Let yo be a series algebraic with vanishing polynomial of degree dx 

in X and dy in y. According to llBCG'^141 Chap. 7], the method of reconstruction of 
equation based on Pade-Hermite approximants provides a priori only polynomials 
P{x,y) - ^ aijx'y^ such that P(x,yo) s 0 [x"”] with cr = {dx+ l)(dy + 1) - 1. 

i<dx, j<dy 

Subsequently, one has to check whether P{x,yo) = 0 actually. By our Lemma 
one can always certify that P(x,yo) - 0 just by verifying that P(x,yo) = 0 [x’^] 
with T = 2dxdy. Hence this reconstruction method as implemented in the GFUN 
package in Maple software holds for any equation of degree less than dx in x and 
dy in y, not for only irreducible ones as in llBCG'^141 Theorem 8, p. 110]. 

(2) Let us consider the case where yo is a rational fraction: 


-ao(x) _ -ai,ox-arfo,ox^° 

ai(x) 1 + aijx + ■ ■ • + a£;,,ix“'‘ 
= ^ CnX" with Cl 0. 

n>l 


Thus, yo is algebraic relatively ioT - {(0,1),..., {d\, 1)} and ^ = {(1,0),..., 

{do,Q)}. The Wilczynski polynomials of order |!F| = t/i + 1 are all null. The 
Wilczynski polynomial of order t/i with kg = (1,... ,£/i) and/g = ((1,1),..., (^fl, 
is equal, up to the sign, to the resultant of ao(x) and ai(x), by IIGKZ941 chap 12 
(L15)p401]. 

(3) In the present section, the field K can be of any characteristic. 


4. Closed-form expression of an algebraic series. 

Let us assume from now on that K has zero characteristic. Our purpose is to determine 
the coefficients of an algebraic series in terms of the coefficients of a vanishing polynomial. 
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We consider the following polynomial of degrees bounded by dx in x and dy in y: 

dx dy 

P(x,y) - ^ ^ ciijx'y', with P(x, y) e K[x, y] 

i=0 j=0 
dx 

i=() 

dy 

j=0 

and a formal power series which is a simple root; 

yo = with Jo £ K[[x]], ci ^ 0. 

n>\ 

The field K((x)) is endowed with the x-adic valuation ord^. 

Classically (e.g. IWal78l l. the resolution of P = 0 with the Newton-Puiseux method is 
algorithmic, with two stages: 

(1) a first stage of separation of the branches solutions, which illustrates the following 
fact: yo may share a principal part with other roots of P. This is equivalent to the 
fact that this principal part is also the principal part of a root of dPIdy. 

(2) a second stage of unique ’’automatic” resolution; once the branches are separated, 
the remaining part of yo is a root of an equation called Henselian in the formal 
valued context (yo seen as an algebraic formal power series), and called of implicit 
function type in the context of differentiable functions (yo seen as the convergent 
Taylor expansion of an algebraic function). 

We give here a version of the algebraic content of this algorithmic resolution. 

d 

Notation 4.1. For any k eN and for Q{x,y) - aj(x)y^ e fir((jii:))[y], we denote: 

j=o 

• ordyQ min{ordiaj(.x), j - 0, ..,d] 

k 

• zo := 0 and for k>\,Zk ^ Cnx" 

n~\ 

• yk yo - Zk ^ ^ c„x" 

n>k+\ 

dk 

• Qk{x,y) := Q{zk + x^'*''y) = ^ zTkj(y)x‘ where 4 = ord^g^ and dk := deg^ Qk 

i =4 

Lemma 4.2. (1) The series yo is a root ofP(x,y) if and only if the sequence (4)teN' 

strictly increasing where 4 = ord^P^. 

(2) The series yo is a simple root ofP(x, y) if and only if the sequence {ikfkeVi' 4 strictly 
increasing and there exists a lowest index ko such that 4o+i = 4o + I- In that case, 
one has that 4+i =4+1 for any k > ko. 

Proof . (1) Note that for any k, 4 < ord^Pj^Cx, 0) = ord^P(jii:, z<;). Hence, if the sequence 
(4)teN* is strictly increasing, it tends to +oo, and so does ordj^P(x, zj). yo is indeed a root 
of P(x,y). Reciprocally, suppose that there exists 1 < k < I such that 4 > 4- We apply the 
Taylor formula to Pjix, y) for j > k: 
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(3) 


PM.y) = Pk{x, Q+i + Ck+2X + ^y) 


y. 4+1 


T^k,kick+\)x''‘ + \n'j^ i2^Ck+\)ck+2 + nk,it+\{ck+i)\ x'‘ 

For 1 < ^ < j < I, ii > ij > ik, so ij = 4- Thus, nkj^{ck+i) + 0, so for any j > k, 
ord_tFj(x, 0) = ordxP{x,Zj) = ik- Hence ordxF(;c, yo) = ik + +°°- 

(2) The series yo is a double root of P if and only if it is a root of P and dPIdy. We apply 
the Taylor formula for certain k eW: 

Pk+\{x,y) = Pk{x,Ck+\+xy) 

^k,k(.Ck+\)x''’ + ,.^(Q+i)y+ 7r*,;j+i(ci+i)]x'‘+' 


(4) 


Note that; 




+ ^Kk+2{ck+\) 


v-4+2 , 


dy 


dP 


yk 

{x,y) = Yj7Tli(y)x‘ 


One has that Jikj^ ^ 0 and TTkj^ick+i) - 0 (see the point (1) above), so n'l^. (y) ^ 0. Thus 


ordv 


dP 


= if^-k-l. We perform the Taylor expansion of 


k 


5P\ 

dy), 


/k+l 


k,ip 

dP 


(q+ 1 +-^y): 




By the point (1), if yo is a double root P, we must have n'l^i^ick+i) - 0. Moreover, if 
^kjt+iick+i) + 0 , we would have 4+1 =4 + 1 and even 4+7 = 4+1 for every j according 
to Q; yo could not be a root of P. So, 7rjt,,j+i(c<:+i) = 0, and, accordingly, 4+1 > 4 + 2. 

If yo is a simple root of P, from the point (1) there exists a lowest natural number A:o 
such that the sequence (4 - k - l)ieN* is no longer strictly increasing, that is, such that 


^'hiik (‘''^ 0 + 1 ) ^ - ^0’ consider the Taylor expansion of 


dP\ ^ 

(Qo+1 + ' 

dylk. 


( 5 ) 




1 


it+l 


^k~kn+l 


y)- 


dyj, 


k+l 




Y^kQ ^0 


and we get that; 

(6) 


““■I'l) 


(x, 0) = ord^ 


k+l 


— = ik„ -kn- 1. 

dy/k 


/k+l 


Iko - ko 

dPk+1 

dy 


. dp\ 

= ^ + 2 + ord, I — 
dyj^ 


k+l 


As n', , . (y) ^ 0, we obtain that 4+i = ord;cP^.+i = ord^ 

T^A:+1 

4o + ^ - ^0 + 1- Hence, from the rank ko, the sequence (4) increases one by one. 

Resuming the notations of the Theorem 13. 5 1 and of the Lemma ITS! the natural number 
ko represents the length of the principal part in the stage of separation of the branches. In 
the following lemma, we bound it using the Lemma lThl or the discriminant Ap of P. 

Lemma 4.3. With the notations of the Theorem \3.5\ the natural number ko verifies that: 

ko ^ 2-dxdy + 1. 
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In particular, if P has only simple roots: 


ko < dx(2dy - 1) + 1. 


dp 

Proof. By the Lemma 13761 since P(x,yo) - 0 and —(A,yo) ^ ons has that: 

dy 

dP 

ord.:c-^(x,yo) < 2d_4x- 
dy 

But, by dehnition, A:o is the lowest natural number such that: 

dP dP 

ordj:—(x,z<:„+i) = ord^—{x,Zka) = !,t„ - ^0 - 1 

dy dy 


dP 

(see the point (2) of the preceding lemma). Hence, we get from (|6|l that ord^^— {x,Zk) — 

dy 

dP dP dP 

ord^-—- ^0 - 1 for any k > k^. So, ord;,—(x,yo) = ord^—(x,z^„). To 
dy dy dy 

dP 

conclude, we note that ord^—(x, zk) > A:o - 1 by definition of A:o. 

dy 

QP 

In the case where P has only simple roots, as in the proof of the Lemmaord^—(x,yo) 

dy 

dP 

is bounded by the degree of the resultant of P and —, say the discriminant Ap of P, which 

dy 

is bounded by dx{2 liy - 1) + 1. □ 


Theorem 4.4. Consider the following polynomial in K[x,y'\ of given degrees dx in x and 
dy in y: 

dx dy dy 

Pix,y) = ^ ^ aijx'y-' = ^ 7Ti(y)x‘, 

(=0 j =0 /=0 

and a formal power series which is a simple root: 


yo = ^c„x" e iif[[x]], ci ^ 0. 

n>l 


Resuming the notations of \4.1\ and \4.2\ we set a>o (c/i„+i) 4 0. Hence, for any 

k > ko : 


• either the polynomial Zk+i 

• or the polynomial Rkix, y) 
Henselian equation: 


k+\ 


— ^ c„x" is a solution ofP(x,y) - 0; 


Pk(x,y + Ck+i) 

-WflX'* 


— + Qk(x,y) defines a reduced 


y = Qkix,y) 


with Qk(0, y) = 0 and satisfied by: 


. _ yo -Zk+i _ , 2 

h+l ■- -- - Ck+2X + Q+3X ■ 


Proof . We show by induction on k > ko that Rk(x,y) = -y + xTk(x,y) with Tk(x,y) e 
^r[x,y]. For k - ko + 1, by 0, since ik„+i = 4o + 1, we have that: 

F,t„+i(x,y) = [woy + 2r^„,4^+i(Q„+i)] x^o'^^ + • • ■ . 
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Since 4„+2 = ik^ + 2, 7tka+\,it^+\{y) = woy + nk„j^^+i{cka+\) vanishes at ct„+ 2 , which implies 

~^ki),ikr, +1 (Ci:o+l) 

that Q „+2 =-. Computingit follows that; 


Wo 


Rh+i(x,y) ^-y + Qko+i(x,y) with 


Qko+i(x,y) = X 




(y + Cko+lf + +i(cA:„+i) 0 + Q„+2) + nk„,i^+2(Ck„+l) 


+x2[-.-]. 


So Qk„+i(0,y) = 0. 

Suppose that the property holds true at a rank k > ko + 1. It follows that; 

Pk(x,y) = wo(y-Q+i)x“+x“+^fA:(x,y) 

= 7rkj,(y)x'‘^ + 7Tkj^+i(y)x‘’‘^^ +■■■ . 

Since Pk+i(x,y) - Pk(x, q+i + xy), we have that; 

^’i:+i(x,y) = [woy + 7ri,4+i(Q+i)] x'‘^' + 7r^+i,4+2(y)x'‘'*^^ + • • ■ . 

But 4+2 = 4+2 > 4+1 = h + 1- So we must have 7ri+i,4+i(Q+2) = 0. So, Ck+i - 

~^kj!^~*-l(pk+l) 


Wo 


It follows that; 

^’;t+i(x,y) = woCv - Q+2)x“^' + 7ri+i,4+2(y)x'‘'"^ 


Hence; 


as desired. 


n t' \ ^/;+l,4+2(j ^t:+2) 2r i , 

f^i:+i(x,y) = -y-x-+ x[--■] + •■• 

wo 

= -y+ xri:+i(x,y), rk+ieK[x,y], 


dQk, 


In particular, Qk{Q,Q) - -(0,0) = 0. So the equation y = 2i:(x,y) is reduced 

dy 

Henselian if and only if Qk(x, 0) ^ 0, which is equivalent to Zk+i not being a root of P. 


Remark 4.5. By (|5]l, we note that 


¥ 


j(x,yo) = wox“o-^»-' 


dP 


Thus, coo is the initial coefficient of — (x,yo). 

\dyl 

For the courageous reader, in the case where yo is a series which is not a polynomial, 
we deduce from 14 .4 1 and from the Flajolet-Soria formulaa closed-form expression for 
the coefficients of yo in terms of the coefficients j of P and of the coefficients of an initial 
part Zk of yo sufficiently large. 

Corollary 4.6. For any k>kQ + I, for any p > I, one has that: 




q=l 






erX' 


ir^NIS 112-9+1 
\\\Ts\\=p+qik-(q-m+l)-\\S\\i 
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where S - (sij), — j~~j Tg - (tsj), = j~~j c|*', and ejs £ N is of the 

i=0,...,dx > j=0,...,dy i=l 


C—n— n' n —^ 0 0 0 

1 -r ■ -n j lit’’’ ||Z,||=/+it-»■(»:- 


j! 


l=U...,{k+l)dy+dx-ik i=^.-4x \L\=j-m 

j=m,...,dy ||Ll|=/+(^-m(A:+l)-i 


where mi min | -—j > ^>'|> ^ — dt'J = • • • ’ where the sum is taken 

over the set of («'’”) . <^1 a+a-h. m=o.....™, smc/z f/zaf; 

fcO,...A, J=m.iJj., lilA-iii. l|L|l=(+.'i;-ii.(i+l)-' 


such that: 


l,m i,j L l,m ij L 

Proof . We get started by computing the coefficients of a>()x‘'‘Rk, in order to get those of 

Qk- 

a>Qx‘'‘Rk = Pk(x,y + Ck+i) 

= P(x,zk^i + x^^'y) 

= ^ aijx' {zk+\ + 

i=0,...,dx, j=Q,...,dy 

= y ai ix‘ y —-—. 


i=0,...,dx ^ j=0,...,dy m=0 


For L - (l\, - ■ ■ , 4+i), we denote := Cj • • One has that: 


= z 


^A +1 Zj ri 

\L\=i-m 


(J 


*«-. = Z Z “'0 Z 

m=0 \L\=j-m 

j=m,...,dy 


We set I = \\L\\+m(k+l)+i, which ranges between m(A:+l) and {k+l)(dy-m)+m(k+l)+dx ■ 
(k + l)dy + dx- Thus: 


Z Z z 

m=0y...My i=0,...,dx \L\=j-m 

l=m(k+l),....ik+l)dy+dx J='^’-4y ||Ll|=?-w(/r+l)-f 


J' /^L 


C^x'y'”. 


Since Rt - -y + Qkix, y) with Qk( 0 , y) = 0, the coefficients of Qk are obtained for I - 

^ ( I ik 

ik+ 1,..., (A: + l)dy + dx- We set / := I - 4, mi min < - , dy > and we have that: 


Qk(x,y) = ^ bkmxy. 


/—I y...JJ<,-\-\.')dy-\-dx~ik 


bim - y aij y 

j=m,...4y ||Z,I|=/+it-m(l:+l)-i 


with: 
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We are in position to apply the version [2A] of the Flajolet-Soria formula 1231 in order to 
compute the coefficients of tk - Ck+ix + Ck+^x^ + ■ • ■. Thus, denoting Q iqi,m) for 
I - I,..., {k + l)dy + dx - ik and m = 0,..., m;, we get that: 


^k+l+p 


q=l \Q\=q,\\Q\\i=p,\\Q\\2=q- 


2! 
=q-\ ^ 


Let us compute: 


bf 

l,n 




Z z 




^ ^ ml LI 

\L\=j-ni 

\j=m,...,dy l|L||=/+t^-t«(A:+l)-, 


z 




MiJ. 


T-’"" n 


i=Q,....dx 

j=m . dy 


\m.' 


Z 


j'- ^L 


where M/foi' i = 0, ... ,dx, j - m, ..., dy. 


\L\=j-i 
\ ||L||=/+i>-/«(/:+l)-f 


ml LI 


For each in:^, we enumerate the terms — —C^ with w = 1,..., or/Subsequently: 

mlL! 


xm/ 


z 


j'- ^L 


\L\=j-' 

\ ||L||=/+t>-/u(fc+l)-/ 


ml LI 


{ oti. i \ 

J- ^L„ 


z 


w\ ^ 1 ^ 

v„=i J 

“i.. 








where n'J = a ' Denoting U,,^ - Z Z 


i=0,....dx U=l 
]=!» . dy 


Wun 


Likewise, one has that: 

lit//,mil 


Z Z»Sj'-i 


^=0. dx M=1 

i=m . dy 

/ O' M 


Z Z/: 

=o,...,rfx Vm=1 

i=Q,....dx 
j=in . dy 


O' - m) 


Z Z"5.“^-“ 


i=Q,....dx u=l 
]=!» . dy 




= Z Z”Z 

'=0. dx Vm=1 / 

j=lll,...,dy 


(I + 4 “ + 1) “ 0 


Z '”/j 2 + k - m(k + 1) - 0 

i=Q,....dx 

J=m . dy 

qi,mV + h - m(k + 1)] - ||M/,„||i. 
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So we get that; 


Z7f-' = 

l,m 


Z Z 

=qi m , I \Mi 1 12 >m qi \^l.m\=\\^l,m llz-"* 9 /,/m 

l|i^/,;Mll=9/,/M[^+'/c-'«(^+l)l-||^/./Mll! 




with^^, :^y n n 
n <;■’ a 


■’ / M 


(=0.dj: 

J='n. dy 


'=0,...A M=;l 
/=w. dy 


j\ \ ...» 


m\ Lu\ 


where the sum is taken over < 
We deduce that: 


(y;).o.such that = and ^ ^ U,„ 


i=0 . dx u=l 

j=m . dy 


BQ = 


n 


bf- 

l,m 


l=l,...,{l(+l)dy+dx-ik, m=0,...,m/ 


n 


Z z 

\Mi,„\~qi,„, ||M/,„||2>»7 qijn 


du,„C''''’ 


We set S := So |5| = ^= q and ||5||2 > = \\Q \\2 ^ q - 1. 

l.m l,m Um 

Moreover, for any fixed 5, we set := z U,,n. So IT’s I = y ||M ,.„,||2 — mqi^fn — 

l,m Um 

115112-Iieil 2 = 115112-?+l, and: 

HAII = y g;.m[/ + 4 - m(k+ 1)] - ||M;,„,||i 


Thus, as desired: 


iieiii + iei4-iieii2(/:+i)-ii5iii 

p + qk -{q- l)(k+ 1) - ||5||i. 


z z z 


IGI=9,IIGIIi=p,IIGII2=?- 


G! 

2 = 0-1 ^ 


Wo / 


|S|=?,I|S||2>«-1 |2-sMl^ll2-9+l 

Fsll=P+9fi-(9-l)(i:+l)-||i|ll 


»-;nn4 


Um i,j u 


where ejs Zn^nnnb ^ I and where the sum is taken over 


m \ Lu\ 


l,m i.j 




+//x—i^, m=Q,...jni 
''=Q,...,dx, j=m,...,dy 


such that y y |y;| = ^ and y y y n‘;2L, = Ts . 

Um ij l,m ij u=l j 


Remark 4.7. We have seen in the Theorem 14.41 and its proof that wq = ^kok ^‘''i^o+i) 
the coefficient of the monomial in the expansion of Pko+i(x,y) - P(x,cix + • ■ • + 

.4-1 r 4.2 ^12 o,4q + i(^/:o+G 

Q„+i 2 r" + Jr“ y), and that q „+2 =-where /rio, 4 ^+i(Q„+i) is the coefficient 


too 


of x'‘o^' in the expansion of Picg+i{x,y). Expanding Picg+iix,y), having done the whole 
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computations, we deduce that; 




i=0...,d„ j=0,..,dy \L\=j, ||L||=ii:„+l-! 

^^ 0+2 = — Z Z 


0)0 


i=0, l=0,..,dy-l \L\=I, \\L\\=h^+ko-i-l 


a+1)! 

——ai,/+iL • 


Example 4.8. In order to illustrate the Corollary 14. 6l and its proof, we resume the polyno¬ 
mial of the Example 13.41 

P{x, y) = ao, 2 / + (^ 2,0 + <32,ly + < 32 , 2 /) 

Poix, y) = ( 02,0 + <3o,2y^) + <32, + <32,2y^-^'^ 

P\{x,y) - (2ao,2Ciy + i32,i<2i) x^ + (i3o,2y^ + <32,iy + a 2 , 2 Ci) x'^ + 2a2,2C\yx^ + a 2 , 2 y^x^ 


with 02,0 + <30,2<2f =0 « Cl = + 


-<32,0 

<30,2 


Thus, io - 2, ii - 3 - io - 1 - 1, so ko — 0, a>o - 2ao,2Ci. The coefficient C 2 must verify 

- 02,1 


2flo,2CiC2 -1- a2,iCi = 0 « C2 = 


2a, 


We obtain that: 


0,2 


Wfl/?! = Woy + (<32,2<21^ + <32,1C2 -I- ao, 2 C 2 ^ + ( 02,1 -H 2 ao, 2 C 2 ) y H- ao, 2 y^) H- 
(2a2,2CiC2 -H 2a2,2Ciy)x^ + ( 02 , 202 ^ + 2a2,2C2y - 1 - a2,2y^)x^. 

So the coefficients of the corresponding reduced Henselian equation y = 0i(x,y) are: 
^ 1,0 = - (<32,2Ci^ + <32,iC2 + <30,2C2^) /OJQ, b^i = - ( 02,1 H- 2 flo,2C2) /tOQ = 0, 
bl ,2 - - 00 , 2 !0)0, b 2,0 - -2a2,2CiC2/wo, ^ 2,1 = -2fl2,2Ci/wo, 

^3,0 = -<32,2<22^/wo, ^23,1 = -2a2,2C2/W0, ^3,2 = -02,2! 0)Q, 

But, by the version iTTl of the Flajolet-Soria formula l231 one has that: 

<23 = ^1,0 = 


-02,2(21^ - <32,1<22 “ ao,2<22^ 


2 00,2 <2l 


<24 - ^2,0 + ^1,0^1,1 - ^2,0 


-2o2,2CiC2_ 

2oo,2Ci 


<25 - ^3,0 + b\ ob 2 ,\ + ^10^1,2 + + ^2,0^1,1 - ^3,0 + bifib 2 ,l -H ^10^1,2 

-<32,2<22^ 202,i02,2CiC2 -H 2oo,2<32,2<2iC2^-I- 202,2^Ci^ 

2 Oo,2 Cl (2 oo,2Ci)^ 

<30,2<32,1^<22^ + 2oo,2^<32,iC2^ + 2 Oo,2<32,1<32,2<21^C2 -H Oo,2^C2‘* H- 2 Oo,2^<32,2<2i^C2^ -H Oo,2<32,2^<2i"^ 

(2 00,2 Ci )^ 


Remark 4.9. Classically, a series yo = ^c„x" e ^f[[x]] is algebraic if and only if its 

/i>0 

coefficients c„ are the diagonal coefficients of the power series expansion of a bivariate 
rational fraction 0Fur67l IDL87I . In particular, in the reduced Henselian case y = Q(x,y) 
(see 12.2b . the rational fraction can be written: 


2dQ \ 


y -y ^(xy,y) 
dy 


/ 


yo = Diag 


y-Qixy,y) 


















18 


MICHEL HICKEL AND MICKAEL MATUSINSKI 


With the computations in the proof of the Corollary 14.61 we can deduce in the general case 
P{x, y) = 0 a formula for the rational fraction having the c„ as diagonal coefficients of its 
expansion. 

As a consequence of the Theorem l3.5l and Corollarv l4.6l we get the following result: 

Corollary 4.10. Letdx,dy e N*. We set^ 2dxdy+2andM ^dy(dy+l){dx+l)+dx+dy. 
There exists a finite set A and for any 4 e A, there exist a polynomial ..., x^fi e 

Z[xi,... ,Xfi], degQ*-'^^ < M, and for every p e N*, a polynomial W^p\xi,... ,Xf^+i) e 
Z[xi,... ,Xp+i], deg'Pp'*^ < pM, such that for every yo — ^^c„x", c\ + 0, algebraic with 

n>\ 

vanishing polynomial of degrees bounded by dx in x and dy in y, there exists 4 6 A such 
that for every p e N*.' 

■ 

Proof . Let yo = ^ Cy + 0, be algebraic with vanishing polynomial of degree 

n>\ 

bounded by dx in x and dy in y. According to the Theorem l3.5l there is a hnite set A and 
for every 4 6 A, polynomials af'jixy,..., xn) e Z[x\,..., xn] such that: 

( 7 ) ^ a^^]{cy,...,CN)xy 

i<dx,j<dy 


is a vanishing polynomial for yo for a certain 4 6 A. Enlarging the hnite set A by indices 

d’^P 

corresponding to the various — jy,k - 1,..., c/,, - 1, we can assume that there is 4 such that 

5y* 

yo is a simple root of P^^\ So the coefficients of yo can be computed as in the Corollary 
More precisely, for any p eW: 


ms.Ts 


p 

<1=1 Sel^TseJs 0 


z 




where ^ = [(sij) | |51 = g', \\S lb > ? - l}, 

Js = {(M I IT’s I = 115 lb -q+l,\\Ts\\^p + qip -(q- l)(p + 1) - ||5||i} 

and nisjs e Z. Note that C - (cy,..., Cp+y) and A = (a,j). It suffices to bound the degrees 
of the numerator and denominator in the terms of (l7]i. By the Theorem 13.51 deg a® < 
M - dy. So by the Remark |4j7] we deduce that degwo ^ M. The degree dg^s of a term 
is bounded by: 


(p - q){M - dy) + 15 |(M - dy) + IT’s I = (p - q){M - dy) + ^(M -£/,,) + 115 lb - ?+ 1. 


But, ||5 lb < qdy and 1 < q' < p. So we get that: 


dq.s ^ piM - dy) + qdy - q+l < pM 


□ 
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